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CLOSED CONVEX HULLS OF UNITARY ORBITS 
IN VON NEUMANN ALGEBRAS 

FUMIO HIAI AND YOSHIHIRO NAKAMURA 

ABSTRACT. Let "If be a von Neumann algebra. The distance dist(x, coU'(y)) 
between x and co U' (y) for selfadjoint operators x, y E ft and the distance 
dist(qI, cOU'(IjI)) between qI and cOU'(IjI) for selfadjoint elements qI, IjI E 
. f(. are exactly estimated, where co t/ (y) and co U' ( 1jI) are the convex hulls of 
the unitary orbits of y and 1jI, respectively. This is done separately in the finite 
factor case, in the infinite semi finite factor case, and in the type III factor case. 
Simple formulas of distances between two convex hulls of unitary orbits are also 
given. When .4f is a von Neumann algebra on a separable Hilbert space, the 
above cases altogether are cOqlbined under the direct integral decomposition of 
.. f( into factors. As a result, it is known that if .L is a-finite and x E.4f is 
selfadjoint, then co t/(x) = cow U'(x) where co U'(x) and cowt/(x) are the 
closures of co t/(x) in norm and in the weak operator topology, respectively. 

INTRODUCTION 

Let L be a von Neumann algebra and ~a (resp. L., sa ) be the set of all 
selfadjoint elements in L (resp. in the predual L.). For x E L, let coV(x) 
denote the convex hull of the unitary orbit V(x) = {uxu': U E L unitary}. 
Let co V(x) and cow V(x) be the closures of co V(x) in norm and in the weak 
operator topology, respectively. It is very important in theory of von Neumann 
algebras to consider these closed convex hulls of unitary orbits of operators. 
For instance, several authors discussed the intersection of coV(x) or cow V(x) 
with the center % of .£ (see e.g. [9, 10, 17, 34, 37]). According to [10] (or 
[12, §III.5]), any von Neumann algebra L has the Dixmier property asserting 
nonemptiness of co V(x)n% for every x E L , and in particular if .L is finite, 
then co V(x) n % = cowV(x) n % = {x~} for every x E L where x f-+ x q is 
the center-valued trace on .£. When L is properly infinite, co V(x) n% and 
cow V (x) n % are regarded as certain types of essential spectrum or essential 
numerical range of x [9, 17]. It was shown in [17] that if L is a-finite, 
then co V(x) n % = cow V(x) n % for all x E L. Indeed the last assertion 
holds if and only if L satisfies a condition slightly weaker than a-finiteness 
[34]. However it seems that there is no literature dealing with the direct relation 
between coV(x) and cowV(x). 
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The study of majorization was developed for real-valued measurable func-
tions based on theory of rearrangements (see e.g. [5, 35]). Moreover the ma-
jorization theory plays a vital role in the study of matrices via the comparison 
of eigenvalues or singular values of matrices [2, 26, 27, 40]. The noncommu-
tative integration and probability theory (in the semifinite case) was founded 
in [11, 31, 36, 41]. The concept of ,-measurable operators was introduced 
in [30], which gives a nice foundation for noncommutative LP -spaces LP (L) 
on semifinite von Neumann algebras L. The majorization theory in semi-
finite von Neumann algebras was recently developed in [18-20, 23, 24, 28] by 
using the notion of generalized s-numbers or spectral scales of ,-measurable 
operators. A most recent and general exposition on generalized s-numbers of 
,-measurable operators is found in [13]. It is known [18, 19,23,24] that the 
condition of unitary mixing is closely connected with that of majorization. For 
instance, when L is a semifinite factor, if x and yare positive operators 
in L 1 (L) , then x is in the L 1 -closure of co;?ll (y) if and only if x is ma-
jorized by y [18]. Theory of unitary mixing in the state spaces of operator 
algebras was considerably studied in [1] in more general setup. Using the ma-
jorization technique, we obtained in [21] the formula of LP -distance between 
unitary orbits of ,-measurable selfadjoint operators in terms of their spectral 
scales. Furthermore the majorization theory can be applied to the study of LP-

distance of unitary orbits in Haagerup LP -spaces [15] even when L is a type 
III factor. See [21] in case of Haagerup LP -spaces associated with continuous 
decompositions of type IIIl factors, and [29] in case of those associated with 
discrete decompositions of type IlIA factors, 0 < A < 1 . 

The main aim of this paper is to estimate the distance dist(x, co;?ll (y)) be-
tween x and co;?ll (y) for x, y E ~a and the distance dist( rp , co;?ll (1jI)) for 
rp, IjI E A'.., sa where co;?ll (1jI) denotes the convex hull of the unitary orbit 
;?II(IjI) = {1jI(u·· u): U E L unitary}. After giving notations and preliminar-
ies on majorization in § 1, we divide this study into the finite factor case (§2), 
the infinite semifinite factor case (§3), and the type III factor case (§4). In 
each of the above cases, before estimating dist(x, co;?ll(y)) for x, y E ~a' 
we characterize a special condition of x being in co;?ll (y). In §§2 and 3, 
we obtain the formulas of dist(x, co;?ll(y)) for x, y E ~a and of the Ll_ 

distance dist L I (x , co;?ll (y)) for x, y ELl (L)sa (= A'.., sa) in terms of the 
spectral scales of x and y. Here the majorization technique is useful. In §4, 
dist(x, co;?ll (y)) for normal operators x, y E L is estimated in terms of the 
spectra of x and y. Also dist( rp , co;?ll (1jI)) for rp, IjI E A'.., sa is simply es-
timated in terms of II rp II, 111jI11 and rp (1), 1jI( 1). Furthermore, when L is a 
type IIIl factor, the formula of the LP -distance distu (x, co ;?II(y)) is obtained 
for selfadjoint elements x, y in the Haagerup LP -space. In §5, we give some 
simple formulas of the distance dist( co;?ll (x) , co;?ll (y)) between co;?ll (x) and 
co;?ll(y) for x, y E ~a and of the distance dist(co;?ll(rp), co;?ll(IjI)) for rp, 
IjI E L . Finally in §6, when L is a von Neumann algebra on a separable *, sa 
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Hilbert space, we give the estimates of dist(x, co 2'1 (y)) for x, y E ~a and 
of dist( qJ , co 2'1 (If!)) for qJ, If! E L*, sa under the direct integral decomposition 
of L into factors. But the proofs are only sketched and the details are left to 
the reader. Furthermore we know an important result that co 2'1 (x) = cow 2'1 (x) 
holds for every x E ~a whenever L is a-finite. 

1. PRELIMINARIES ON SPECTRAL SCALES AND MAJORIZATION 

In this section, we collect notations, definitions and preliminary results. Let 
L be an arbitrary von Neumann algebra and 2'1 be the set of all unitaries in 
L. For each y E L , let 2'I(y) denote the unitary orbit {uyu*: u E 2'1} of y, 
c02'l(y) the convex hull of 2'I(y) , c02'l(y) the II· II-closure of c02'l(y) , and 
co w 2'1 (y) the closure of co 2'1 (y) in the weak operator topology. For x, y E L , 
the II· II-distance between x and co 2'1 (y) is written by dist(x, co 2'1 (y)) . Given 
If! E L. ' let co 2'1 ( If!) denote the convex hull of 2'1 ( If!) = {u If!U *: U E 2'1} where 
alf!a* = If!(a*· a) for a E L, c02'l(1f!) the closure of c02'l(1f!) in norm, and 
dist( qJ , co 2'1 (If!)) the distance between qJ E L. and co 2'1 (If!). When eEL 
is a projection, we denote by 2'le the set of all unitaries in ~ = eL e. Also 
let ~(y) = {uyu*: U E 2'le} for y E ~ and 2'le(lf!) = {Ulf!u*: U E 2'le} for 
If! E (~L· 

In the sequel of this section, let L be a semifinite von Neumann algebra on 
a Hilbert space Jr with a faithful normal semifinite trace r. A densely defined 
closed operator x affiliated with L is said to be r-measurable if there is, 
given £5 > 0, a projection eEL such that eJr ~ 9(x) and r(e1-) < £5 where 

1- ~ e = 1 - e. We denote by L the set of all r-measurable operators affiliated 
with L. Then L is a complete Hausdorff topological *-algebra in the measure 
topology [30, 39]. For a subspace .2? of L, the set of all selfadjoint (resp. 
positi~ selfadjoint) operators in .2? is denoted by ~a (resp . .s:). For each 
x E ~a' let eE(x) denote the spectral projection of x corresponding to a 
Borel set E in R. For 1 :::; p < 00, the noncom mutative LP -space e (L) 
on (L, r) is the Banach space consisting of all x E L such that the norm 
Ilxllp = r(lxIP)I/p is finite (see [11, 30, 36,42]). Moreover let 6 be the set of 
all x E L such that r(e(s.oo)(lxl)) < 00 for any s> 0, and let \3 = 6 nL. 
For 1 :::; p < 00, LP (L) is included in 6. In particular when L = B(Jr) the 
algebra of all bounded operators on Jr, LP (L) is the Schatten-von Neumann 
p-class and \3 = 6 is the algebra of all compact operators on Jr. 

~ * For each y E L , let co 2'1 (y) denote the convex hull of 2'1 (y) = {uy U : U E 
2'1} in Land co I11 2'1(y) its closure in the measure topology. When x, y E 
L P (L), 1 :::; p < 00 ,the 11'llp -closure of co 2'1 (y) and the 11'llp -distance between 
x and c02'l(y) are written by coLI'2'I(y) and distLP(x,c02'l(y)),respectively. 

The generalized s-number f.1 t (x) , t > 0, of x E L is defined by 

f.1 t (x) = inf{s ~ 0: r(e(s,oo)(lxl)) :::; t}. 
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The function t 1---+ Ilt (x) on (0, (0) into [0, (0) is denoted by Il(x). See [13] 
(also [32, 42]) for details on generalized s-numbers. Given x E ~a ' we define 
the functions A(X) and l(x) on (0, r(I)) into R by 

At(X) = inf{s E R: r(e(S,oo)(x)) ::; t}, 

A/x) = sup{s E R: r(ei_oo,S)(x)) ::; t}, 

and call them the spectral scales of x following [33]. Obviously, if x E L+ ' 
then At(X) = Il t (x) for ° < t < r(I). The spectral scale A(X) (resp. l(x)) 
is nonincreasing (resp. nondecreasing) and right-continuous. Note that l(x) = 
-A(-X). Also, when r(l) < 00, note that ll\') = AT(I)_t_O(x) for ° < t < 
r( 1) . As given in [18, Remark 6.1] (see also [20, 33]), elementary properties of 
A(X) are analogous to those of Il(x). 

When L is commutative, i.e. L = LOa (0.) and r(f) = J~ I dm on a 
localizable measure space (0., m) , ~a consists of all real measurable functions 
I on 0. bounded except on m-finite sets. For such I, A(f) is nothing but the 
decreasing rearrangement j* of I (see e.g. [5]): 

At(f) = I*(t) = inf{s E R: m( {w EO.: I(w) > s}) ::; t}, 0< t < m(o.). 

When r( 1) = 00 , the essential spectrum O'e (x) of x E ~a is given by 

O'e(x) = {s E R: r(e(S_e ,SH)(X)) = 00, e > O}, 

which is a nonempty compact subset of R. 
An interval of R is considered as the measure space with Lebesgue measure. 

For 0:, {3ER,let o:v{3=max{o:,{3}, o:l\{3=min{o:,{3} and o:+=o:VO as 
usual. The characteristic function ofa set E is denoted by XE . Let x = x+ -x_ 

be the Jordan deco~position of x E ~a . 
Given x, y E L+ ' we say that x is submajorized by y, in notation x -:< y , 

if 

O<s<r(I), 

and that x is supermajorized by y, in notation x --< y , if 

[,(I) ['II) 

15 )'t(x) dt ~ 1s At(Y) dt , ° < s < r( 1). 

Furthermore when x, y ELI (,~) +' we say that x is majorized by y, in 
notation x -< y, if x -< y and r(x) = r(y) (equivalently if x -< y and x --<y). . . 
If r( 1) < 00 , then these definitions of x -:< y, x --< y , and x -< yare available 
to x, Y ELI (L)sa too. The (sub )majorization in semifinite von Neumann 
algebras was discussed in [18-20]. 

The following properties of spectral scales are easily seen by definition or by 
the corresponding results for generalized s-numbers, 
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(1) For x E ~a with r(l) = 00, let 3 = maxO"e(x) and ~ = minO"e(x), 
Then limHoo A/X) = 3, limt->oo }/(x) = ~, A(X) ::::: /i((x - 3)+) + 3 and 
l(x) = ~ - /i((x - ~L). 

(2) If r( 1) = 00 and x E ~a' then x E 6sa if and only if limt->oo At(X) = 
lim/->ool/(x) = 0, i.e. O"e(x) = {O} (cf. [13, Proposition 3.2]). Hence A(X) = 
/i(x+) = A(X+) and l(x) = -/i(x_) = -A(X_) for x E 6sa with r(l) = 00. 

(3) If r(l) < 00 and x E L1(L)sa' then r(x) = f;(l) At(x)dt (see [20, 
Proposition 1.1]). If r(I)=oo and XEL1(L)sa' then r(x)=foooAt(x)dt+ 
fooo It(x)dt (cf. [13, Proposition 2.7]). 

(4) If x E ~a' then f~ At(x)dt < 00 for some (hence all) 0 < s < r(l) if 
and only if X+E(L1(L)+L)+ (=L1(L)++L+) (cf.[18,Proposition 1.2]). 

In the next proposition, we further collect some properties of spectral scales 
which will be useful later. The analogous results for generalized s-numbers are 
found in [13]. 

Proposition 1.1. (1) If x, Y E ~a' then for 0 < t < r(I), 

(2) If {xn} is a sequence in ~a converging to x in the measure topology, 
then for every 0 < t < r(I), 

At(X) :::; lim infAt(x ), 
n~oo n It(x) ~ lim sUP}t(xn), 

n->oo 
1 (3) If x E (L (Jt) + .L)sa' then for every 0 < s < r( 1), 

fo5At(X)dt=sup{r(xa):aEL, O:::;a:::; 1, r(a)=s}, 

105 It(x)dt = inf{r(xa): a EL, 0:::; a:::; 1, r(a) = s}. 

If L is nonatomic, then the above equalities hold under the condition that a 
varies in the set of projections eEL with r( e) = s. 
Proof. Since l(x) = -A( -x) , it suffices to show the assertion for A(') in each 
of (1)-(3). If x, y E '~a' then At(X) :::; /it(x) and 

A s+ t (x + y) :::; A 5 ( x) + At (y) , s, t , s + t E (0, r ( 1 )) . 

From these facts and [13, Lemma 3.1], (1) and (2) are easily shown (cf. [21, 
Lemma 3.2]). Let us prove (3). For every a E R and a E L with 0:::; a :::; 1 
and r(a) = s, by [13, Theorem 4.2] we get 

r(xa) :::; r((x - a)+a) + as 

:::; 1000 /it((x - a)+)/it(a) dt + as 

:::; 105 {(A/X) - a)+ + a} dt, 
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because f.1.(a) -< X(O,s) as elements in LI (0,00) and f.1./((x - a)+) = (..l)x) - a)+ 
for 0 < t < r(1). If r(1) = 00, then A(X) = (A(x)-a)++a for a:::; 
max O'e(x). On the other hand, if r J) < 00, then x ELI (L\a and hence 
A(X) E L1(0, r(1)), so that (A(X) - n)+ + a converges in 11.11 1 to A(X) as 
a --t -00. Therefore r(xa) :::; J~ A/(X) dt. Conversely let r = As(X). Given 
e > 0, since r(e(r.oo)(x)) :::; s < r(e(r_e,oo)(x)) , we can choose a projection 
q E L such that q :::; e(r_e,rj(x) and s' :::; r(q) < 00 where s' = s-r(e(r,OO)(x)). 
Let , 

s 
a = e( )(x) + -(-)q. r,oo r q 

Then 0:::; a :::; 1, r(a) = s, and since 

we get 

1/2 1/2 (r - e)s' 
a xa ::::: xe(r,ool(x) + r(q) q, 

r(xa) ::::: r((x - r)+) + rr(e(r,oo)(x)) + (r - e)s' 
r(l) 

= 10 (A/(X) - r)+ dt + rr(e(r.oo/x )) + (r - e)s' 

= los A/(X) dt - es' . 

Hence the desired equality is obtained. The last assertion is immediate from 
the above proof. 0 

The following characterizations clarify the meaning of submajorization and 
supermajorization. 

Proposition 1.2. Let x, y E Jt+ (resp. x, y ELI (L\a when r( 1) < 00). 
Then: 

(1) x -:< y if and only if r((x - n)+) :::; r((y - 0)+) for all a > 0 (resp. 
a E R). 

(2) x ~ y If and only if r(x 1\ a) ::::: r(y 1\ 0) for all a > 0 (resp. 0 E R), 
where x 1\ a = xe(_oo .oj(x) + aero ,00) (x) = x - (x - a)+ ' 

Proof. (1) See [20, Proposition 1.2]. 
(2) We show the case for x, y E Jt+ (the proof for another case is analo-

gous). First note that by [13, Lemma 2.5 and Proposition 2.7], 

r(l) I'll) 
r(x 1\ n) = 10 (Ar(X) 1\ n) dt:::; s Ar(X) dt + as 

for all a > 0 and 0 < s < r( 1). Suppose x ~ y. If n ::::: AO+ (x) or 0 < 0 :::; 

limr~'(I) Ar(X), then r(x 1\ n) ::::: r(y 1\ a) is immediate. When Iimr~'(I) Ar(X) < 
o < AO+(X) , take an s E (0, r(1)) such that As(X) :::; a :::; As_O(X). Then 
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we have I T(I) 

r(x ;\ a) = s At(X) dt + as 

I T(I) 

~ s At(y)dt+as~r(y;\a). 

Conversely suppose that r(x;\ n) ~ r(y ;\ a) for all a > O. For 0 < S < r( 1) , 
let a = As (y). Then we have 

I T(I) 

5 At(Y) dt = r(y;\ 0,) - as 

I T (I) 

:::; r(x;\ a) - as:::; s At(X) dt. D 

Proposition l.3. If r( I) < 00 and x, y ELI (.L)sa' then x -< y if and only if 
x+ ~ y+, x_ ~ y_ and r(x) = r(y). 
Proof. Suppose x -< y, and hence -x -< -y. Then x+ ~ y + :md x_ ~ y_ 
follow from [20, Proposition 1.3]. Conversely suppose x+ ~ y +' x_ ~ y _ and 
r(x) = r(y). If either y + = 0 or y _ = 0, then x -< y is readily verified. 
Assuming that y + and y _ are nonzero, we choose an r E (0, r( 1)) such that 
Ar(Y):::; 0:::; Ar_O(Y)' When 0 < S < r, 

105 At(X) dt :::; 105 At(X+) dt :::; loS At(Y +) dt = 105 At(Y) dt, 

and when r:::; S < r( 1) , 

so that x -< y. D 

In view of this proposition, the notion of majorization x -< y is extended to 
each x, y ELI ('&')sa whether r( 1) < 00 or r( 1) = 00 as follows: x -< y if 
x+ ~ y +' x_ ~ y _ and r(x) = r(y). This definition will be also justified from 
Theorems 2.3 and 3.5(4). 

In the rest of this section, we establish some results on submajorization and 
supermajorization for real integrable functions on measure spaces. Those results 
will be used in §§2 and 3 for functions on intervals (also vectors in Rn or II ), 
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while they are important by themselves in majorization theory for functions. 
Let (Q, m) be a measure space and L~(Q) (resp. L~(Q» be the set of all real 
(resp. positive) integrable functions on Q. 

Proposition 1.4. (1) Let 1;, 1;, g E L~(Q) (or 1;, 1;, g E L~(Q) when 
m(Q) < 00). If 1; ~ 1;, 1; -:< g and 1; --< g, then there exists an h E L~(Q) 
such that 1; ~ h ~ f2 and h -< g . 

(2) Let f, g E L~(Q) (or f, g E L~(Q) when m(Q) < 00). Then f -:< g 
if and only if there exists an h E L~(Q) such that f ~ hand h -< g. 

(3) Let f, g E L~(Q) (resp. f, g E L~(Q) when m(Q) < 00). Then f --< g 
if and only if there exists an h E L ~ (Q) (resp. h E L~ (Q) ) such that h ~ f and 
h -< g. 

Note that (1) was given in [2, Theorem 1.7] for vectors in Rn and (2) was 
in [6, Theorem 1.1] when m(Q) < 00. First let us prove the following lemma. 

Lemma 1.5. Let 1;, 1;, g be as in (1) of Proposition 1.4. If In fl dm ~ y ~ 
In g dm, then there exists an h E L~(Q) such that 1; ~ h ~ 1;, h -:< g and 
In hdm = y. 
Proof. We show the case for functions in L~ (Q) (the proof for another case 
is analogous). If y = In 1; dm, then h = 1; is enough. Also if y = In 1; dm, 
then In 1; dm = In g dm and hence 1; -< g, so h = 1; is enough. Thus we 
may assume that In 1; dm < y < In 1; dm. For a> 0, define hn E L~(Q) by 

h" = (/1 - a)+ + (/2 A a); 

then 1; ~ h" ~ f 2 · Because In h" dm 

lim r h" dm = r fl dm , a---->oin in 

is continuous in a > 0 and 

lim r h dm = r 1; dm , 
"---->00 in " in 

we can choose an a > 0 such that In ha dm = y. When P 2: a, since 1; -:< g 
and (h" - P)+ = (1; - P)+, by Proposition 1.2(1) we get 

In (h() - P)+ dm ~ In (g - P)+ dm. 

When 0 < P ~ a , since f2 --< g and 

(h - P) - h - (h A P) - h - (f A P) 0: +-- n n - ()' 2 ' 

by Proposition 1.2(2) we get 

In (h" - P)+ dm = y - In (1; A P) dm 

~ In {g - (g A PH dm = In (g - P)+ dm. 

Therefore Proposition 1.2( 1) implies h" ~ g. 0 
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Proof of Proposition 1.4. (1) follows from Lemma 1.5 by taking )' = In g dm . 
The "only if' parts of (2) and (3) follow by applying Lemma 1.5 to 1; = f, 
1; = fv g and to 1; = f 1\ g, 1; = f, respectively, together with)' = In g dm . 
The "if' parts are obvious. 0 

Proposition 1.6. If m(Q) = 00 and f, g E L~(Q), then the following conditions 
are equivalent: 

(i) there exists an h E L~(Q) such that f ~ hand h -< g; 
(ii) for every s > 0, 

loS U+)* (t) dt ~ loS (g+)* (t) dt (i.e. f+ -:< g+), 

Lf+dm-[=U_)*(t)dt~ Lg+dm-[=(g_)*(t)dt. 

Proof. (i):::} (ii). Since f+ ~ h+ -:< g+ and f_ ~ h_ -:< g_ by definition of 
h -< g in case of m(Q) = 00, for every s > 0 we get 

and 

Lf+dm-[=(L)*(t)dt~ Lh+dm-[=(h_)*(t)dt 

= L h dm + loS (h_)*(t) dt 

~ Lgdm+ fos(g_)*(t)dt 

= Lg+dm-[=(g_)*(t)dt. 

(ii):::} (i). If In f dm = In g dm , then f_ -:< g_ holds as well, so h = f is 
enough. Thus assume that In f dm < In g dm. When In f+ dm ~ In g dm , 
applying Lemma 1.5 to f+, f+ V g+, g+ and )' = In g dm, we obtain an 
h E L~(Q) such that f+ ~ h -:< g+ and In h dm = In g dm. These imply 
f ~ h -< g. Next, when In f+ dm > In g dm, for 0: > 0 we define h" E L~(Q) 
by h" = f V (-0:). Because In h" dm is continuous in 0: > 0 and 

lim r h" dm = r f+ dm , 
,,---->0 in in lim r h"dm = r fdm, 

,,---+= in in 
we can choose an 0: > 0 such that In h" dm = In g dm. Now let h = h" and 
take an r> 0 such that (L)*(r) ~ 0: ~ (L)*(r - 0). Then h+ = f+ and 

O<t<r, 
t ~ r. 
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To show J s h -< g , it remains to check h -< g . When s ~ r, -. -

fos(h_)*(t)dt= lh+dm-[oo(h_)*(t)dt-lhdm 

= lJ+dm-[oo(L)*(t)dt-lgdm 

S l g+ dm _[00 (g_nt) dt -l g dm 

= fos(g_nt)dt, 

completing the proof. 0 

Either condition of Proposition 1.6 may serve as a definition of submajoriza-
tion J -:< g for J, g E L~(Q) with m(Q) = 00. 

2. THE FINITE FACTOR CASE 

Throughout this section, let L be a finite factor with a faithful normal 
trace r. To estimate dist(x, coV(y)) for x, y E ~a' we begin with a special 
problem of characterizing the condition x E co V(y) . 

Theorem 2.1. Assume that L is a./initeJactor. IJ x, Y E ~a' then theJollowing 
conditions are equivalent: 

(i) x E co V (y) ; 
(ii) x E cow V(y) ; 

(iii) x-<y. 

To prove the theorem, we need the next lemma. 

Lemma 2.2. Assume that L is a Jactor oj type III' Let e, PI' P2 E L be 
projections with e = PI + P2' and 0'1' 0'2' PI' P2 E R. Let x = 0IP I + O'2P2 
and y = PIPI + P2P2 · iJ PI ~ 0'1 ~ 0'2 ~ P2 and (PI -0 I )r(P I ) = (0'2 - (2)r(p2) ' 
then x E co ~(y) . 
Proof. Because (PI - 0'1 )r(P I ) = 0 implies x = y, suppose (PI - 0 1 )r(P I ) > O. 
Let rk = (O' k - ( 2 )/(P I - ( 2 ) for k = 1, 2; then ok = rkP I + (1 - rk)P2 and 
(1 - rl)r(P I ) = r2r(P2)' For each 0 < 5 < r(P I ) 1\ r(P2) , let nk = [r(pk)/5] , 
n = n l + n2 , m = n l 1\ n2 , and 

{ 

rl/(nl + I), 
_ (l-r l )/(n2 +1), 

Pi) - /( 1) r2 n l + , 
(1 - r2 )/(n2 + 1), 

ISi,jSn l , 
1 SiS n l < j S n, 
1 S j S n l < is n, 
nl<i,jSn. 
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Then Pij :2: 0, ~;=I Pij ::; 1 and ~7=1 Pij ::; 1 , because 

n l r l n2r2 r(P2 )r2 1 --+--<r+ = n l + 1 n l + 1 - I r(P I ) , 

n l(l-r l ) n2(1-r2) r(P I )(I-rl ) (1 )-1 ----'----'- + < + - r2 - . n2 +1 n2 +1 - r(P2) 

By [2] or [18, Proposition 4.3], there is a doubly stochastic n x n matrix [t"u] 

such that [Pij] :2: [Pij] entrywise, i.e. Pij :2: Pi)' ~;=I Pij = 1 and ~7=1 Pij = 

1. Define 0i = ~;=I PijPj ' 1 ::; i ::; n, where Pj = PI for 1 ::; j ::; n l and 
Pj = 132 for n l < j ::; n. When 1 ::; i ::; n l and k = 1, or when n l < i ::; n 
and k = 2 , we get 

IOi - ookl = t (Pij - n ln+ 1 Pij) PI + t (Pij - n2n+ 1 Pij) 132 
j=1 I j=n,+1 2 

n, n 

< L(Pij - Pij)p I + L (Pij - Pij)p2 
)=1 j=n,+1 

n, 1 n 1 
+ "-PP I + " -PP2 ~ n I) ~ n I) 

j=1 I j=n,+1 2 

( n) 1 n 
< 1 - t; Pi) Ilyll + m t; Pijllyll 

2 ::; -IIYII· m 
Because BirkhotI's theorem [3] asserts that [Pij] is a convex combination of 
permutation n x n matrices, there are permutations 7r I ' ... , 7r K of {I , ... , n} 

and )"1' ... ' AK > 0 with ~:=I Ak = 1 such that 0i = ~:=I AkP7C!(i) for 
l::;i::;n. 

Now let PI = ~7~1 qi + e l and P2 = ~7=n,+1 ql + e2 be partitions of PI and 
P2 into projections in Jt with r( qi) = c5, 1 ::; i ::; n , and define 

n 

Yo = L c\qi + ple l + p2e2· 
i=1 

Choosing uk E 2'lf , 1::; k::; K, such that Ukq7C!(i)U: = qi for 1 < i::; n, 

uke l u: = e l and uke2u: = e2 ' we have 

Yo = ~Ak (tp7C!(i)qi + PIe, + f3 ze2 ) 

K 

= L AkUkYU; E co 2'lJv). 
k=' 
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W k . . ",nj (I) (I) d . ",n (I) (I) b e can ta e partltlOns PI = ui=' qi +el an P2 = ui=nj+1 qi +e2 as a ove 
I (I) (I) (I) (I) for 1 ~ ~ m so that e, , ... , e, and e2 , ••• , e2 are mutually orthogonal. 

Then the above argument implies 

and furthermore 

Thus x E co Ve(Y) since m -t 00 as l5 -t O. 0 

Proof of Theorem 2.1. (i):::? (ii) is obvious. 
(ii):::? (iii). Let {Xj} be a net in coV(y) such that Xj -t x weakly. Let 

O<s<r(l) and aEL with O~a~ 1 and r(a)=s. Since 

by Proposition 1.1 (3), we get r(xa) ~ f~ ).)y) dt , so that by Proposition 1.1 (3) 
again, f~ At(X) dt ~ f~ At(Y) dt. Also r(x) = limj r(x) = r(y) , implying x -< 
y. 

(iii) :::? (i). Because this is well known when L = Mn the n x n matrix 
algebra (see [2, Theorem 7.1] or [40, Theorem 12]), we assume that L is a 
factor of type III with r(l) = 1. By the proof of [21, Theorem 4.3], there 
exists an increasing family {et : 0 ~ t ~ I} of projections in L such that x = 
fo' At(X) det and r(et) = t for 0 ~ t ~ 1 (such a representation of x is called 
the Schmidt decomposition [32]). Define Y = fo' At(Y) det . Then A(Y) = A(Y) 
and hence Y is in the II· II-closure of V (y) by [21, Lemma 4.1]. So we may let 
y = fd At(Y) det without loss of generality. Given e > 0, there exists a partition 
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0= to < tl < ... < tn = 1 such that 

Ilx - ~aJetl - ell_I)11 < e 

Ily- ~Pi(ell -ell_I)11 < e 

13 

Let Xo = 2::;=1 aiPi and Yo = 2::;=1 PiPi where Pi = et - et . Then Xo -< YO' 
I I-I 

i.e. 2::7=1 air(p) :::; 2::7=1 Pir(Pi) ' 1 :::; k :::; n, with equality for k = n. Now 
suppose that ai :::; Pi for 1 :::; i < k and ak > Pk . Since 

k-I 

(ak - Pk)r(Pk) :::; '2:)Pi - ai)r(p) , 
i=1 

we have 
k-I 

(ak - Pk)r(Pk) = (P j - p;)r(p) + L (Pi - ai)r(Pi) 
i=j+1 

for some 1 < J' < k and a· < P' < p .. Define - } - } - } 

j-I k n 

y~ = LPiPi + P>i + L aiPi + L PiPi' 
i=1 i=j+1 i=k+1 

Then Xo -< y~, and the repeated use of Lemma 2.2 implies y~ E co V(yo) . 
Writing y~ = 2::;=1 P;Pi ' we get a i :::; P; for 1 :::; i :::; k. Thus, after repeating 
the above procedure finite times, we get a y~ E coV(yo) such that Xo -< y~ = 
2::;=1 p;'P i and a i :::; P;' for all 1 :::; i :::; n, implying Xo = y~. Therefore 
Xo E co V(yo) , so that 

dist(x, co V(y)) :::; Ilx - xoll + Ily - Yoll < 2e, 

which show!) (i). 0 

As for the unitary mixing in LP (L)sa ' we have the next theorem. 

Theorem 2.3. Assume that L is a finite factor. If x, YELP (L)sa with 1 :::; 
P < 00, then x E coLI'V(y) if and only if x -< y. 
Proof. The case P = 1 was given in [18, Theorem 2.5(1) and Remark 6.1] (also 
[23]). In case of 1 < P < 00, since coLI'v(y) = comV(y) by the proof of 
[18, Theorem 2.5(3)], it follows that coLI'V(y) = COLIV(y). This shows the 
theorem. 0 

We now proceed to obtain the formulas of dist(x, coV(y)) for x, y E ~a 

and of dist L I (x , co V (y)) for x, y ELI (L)sa in terms of the spectral scales 
of x and y. 
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Theorem 2.4. Assume that L is a finite factor. If x, Y E ~a' then 

dist(x, co~(y)) = max { sup ! t (;)x) - At(Y)) dt, 
O<s<r(') S 10 

115 
v v } sup - (At(Y) - At(X)) dt , 

O<s<r(') S 0 

and there exists a z E co~(y) such that Ilx - zll = dist(x, co~(y)). 
Proof. Let p be the right-hand side of the equality in auestion. First note that 
p ~ Ir(x) - r(Y)I/r(l) ~ O. For every z E co~(y) and 0 < s < r(I), by 
Proposition 1.1 (1) and Theorem 2.1 we get 

I1 s I1 s Ilx - zll ~ - (A/X) - At(Z)) dt ~ - (At(X) - At(Y)) dt, 
s 0 s 0 

Ilx - zll ~ ! t (J,/z) - Jct(x)) dt ~ ! t (Jct(Y) - Jct(x)) dt. 
s 10 s 10 

These imply dist(x, co ~ (y)) ~ p. If P = 0, then x --< Y and hence x E 
co~(y) by Theorem 2.1. In the type II, case with r(l) = 1, we may let 
x = fo' At(X) det and Y = fo' At(Y) det as in the proof (iii) '* (i) of Theorem 2.1. 
Because 

loS (At(X) - p) dt ::; loS At(Y) dt, 

l' (At (x) + p) dt ~ l' At(Y) dt, 

O<s<l, 

O<s<l, 

applying Proposition 1.4( 1) to f, = A(X) - p, 1; = A(X) + p and g = A(Y) 
in Li(O, 1), we obtain an h E Li(O, 1) such that A(X) - p ::; h ::; A(X) + p 
and h --< A(y). Define z = fo' h(t) det ; then Ilx - zll ::; p. Since A(Z) = h* 
as easily verified, we get z --< Y and hence z E co ~ (y) by Theorem 2.1. The 
case L = Mn is analogously seen from Proposition 1.4( 1) applied to vectors 
in Rn. D 

Theorem 2.5. Assume that L is a finite factor. If x, Y E L' (L)sa' then 

distL, (x, co~(y)) = 2 sup t (At(X) - At(Y)) dt - r(x - y), 
O<s<r(') 10 

and there exists a z E COLI ~(y) such that Ilx - zll, = distL, (x, co ~(y)). 
Proof. Let p be the right-hand side of the equality in question. For every 
z E co ~ (y) and 0 < s < r( 1) , by [20, Lemma 2.2] and Theorem 2.3 we get 

Ilx - zll, ~ 11;·(x) - A(z)ll, 

~ 2 loS (A/X) - At(Z)) dt - r(x - y) 

~ 2 loS (A((X) - A((Y)) dt - r(x - y). 
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Hence distLI (x, coP/(y)) ~ p. Now assume that L is a factor of type III 
with r( 1) = 1 , and let x = fd A,(X) de, be the Schmidt decomposition. Also 
we may let Y = fOI A,(Y) de, (see [21, Lemma 4.1]). Choose an r E [0, 1] such 
that 

p = 2 for (A,(X) - A,(Y)) dt - r(x - y) 

= for(A,(X) - .A)y)) dt + II (A,(Y) - A,(X)) dt. 

Since f~().,(x) - A,(Y)) dt:::; f;(A1(X) - A,(Y)) dt for all 0 < s < 1, we have 

1r A,(x)dt ~ l' A,(y)dt, 0 < s < r, 

15 A,(x)dt:::; 15 A,(y)dt, r < s < 1. 

Let II =A(x)I(O, r), gl =A(y)I(O, r), 1; =A(x)l(r, 1), and g2 =A(y)l(r, 1). 
Applying Proposition 1.4(3) to 1;, gl E L~(O, r) and Proposition 1.4(2) to 
12, g2 E L~(r, 1), we obtain hi E L~(O, r) and h2 E L~(r, 1) such that 
II ~ hi ~ gl and 12 :::; h2 ~ g2' Define 

Since 

we get 

z = for hi (t) de, + 11 h2(t) de,. 

(hl)*(r - 0) ~ (gl)*(r - 0) = gl(r - 0) 

~ g2(r+0) = (g2)*(0+) ~ (h2)*(0+) , 

O<t<r, 
r<t<1. 

LI 
This shows z ~ y, so that z E co P/(y) by Theorem 2.3. Moreover 

Ilx-zlll = for(fl(t)-hl(t))dt+ II (h2(t)-1;(t))dt 

= for(fl(t)-gl(t))dt+ I I (g2(t)-1;(t))dt=P. 

The proof in case of L = Mn is analogous. 0 

3. THE INFINITE SEMIFINITE FACTOR CASE 

In this section, let L be an infinite semifinite factor with a faithful normal 
semifinite trace r. To characterize conditions such as x E co P/(y) for x, 
y E ~a ' we need the following lemmas. 
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Lemma 3.1. Assume that L is an infinite semifinite factor. 
(1) If Y E (LI(L) + 6)+, then 0 E com PI(y). 
(2)IfyE6+, then OEcoPl(y). 

I L' (3) If Y E L (L)sa and r(y) = 0, then 0 E co PI(y). 

Proof. (1) For each integer n;::: 1, write y = y~ + y~ where y~ = ye(l/n,CXl)(Y) 

and y~ = ye[O, I/nj(y)· Since r(e(l/n,CXl)(y)) < 00, there are u I "" , un E PI 
such that uie(l/n,CXl)(y)u;, 1 ::; i ::; n, are mutually orthogonal. Let xn = 

- I ",n * d' , /I h ' - I ",n , * d n L...i=1 UiYU i an WrIte xn = xn + xn were xn = n L...i=1 UiYnU i an 
/I - I ",n /I * h xn = n L...i=1 uiYn ui . T en 

, /I , /I , 1 
I1 I(Xn) ::; I1 I(Xn) + Ilxn II ::; I1 I(Xn ) + llYn II ::; I1I(Xn) + Ii 

for every t > O. Since 

we get r(e(S,CXl)(x~)) = nr(e(ns,CXl/Y~))' Hence, for every t> 0, 

1 1 1 tin 
. I1I(X~) = lil1l/n(Y~) ::; li l1 l/n(Y) ::; t 10 I1r(Y) dr ---> 0 

as n ---> 00 by [18, Proposition 1.2], so that limn-->CXl I1I (Xn ) = O. Thus xn ---> 0 
in the measure topology by [13, Lemma 3.1]. 

(2) is seen from the above proof of (1). 
(3) In the type IICXl case, we choose two increasing families {e l : t ;::: O} and 

{e;: t ;::: O} of projections in Jt such that r(el ) = r(e;) = t for t ;::: 0, e.l e' 
and r((e + e')J.) = 00 where e = VI?o el , e' = VI?o e; , Define 

Y = foCXl AI(Y) del + foCXl ~I(Y) de;. 

Since A(Y) = A(Y) and ~(Y) = ~(y), it follows from [21, Lemma 4.1] that Y is 
in the II· III-closure of PI(y). So we may let Y = Y without loss of generality. 
Let s = r(y +). Then s = r(y _) since r(y) = O. Letting s > 0, given 0 < e < s 
we take r, r' E (0, 00) such that 

l CXl AI(y) dt = _ j,CXl ~I(Y) dt = e, 

and write y = Y1 + Y2 where 

Y1 = for AI(Y) del + for' ~I(Y) de; , 

Y2 = l CXl AI(Y) del + j,CXl )'I(Y) de;. 
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Let a = Ar(Y) 1\ (-Ar'(Y)); then a > O. Now choose projections p, p' E .--It 
, ')-1' , ( / such that p, p ~ (e + e ,p.l P and r(p) = r(p) = s - e) a. Then 

ap --< (Y 1)+ in LI(~)+ with q =p+e, and ap' --< (Y1L in LI(~,)+ with 
, , , LI 'LI 

q = P + e . Hence ap E co ~q((YI)+) and up E co ~q'((YIL) by [18, 

Theorem 2.5( 1)], so that ap - ap' E COLI ~(YI) . Exchanging p and p' , we get 

ap' - ap E COLI ~(YI) too. Therefore 0 E COLI ~(YI) , which implies 

as desired. The proof in the type 100 case is analogous. 0 

Lemma 3.2. Assume that .--It is a a-finite infinite semifinite factor. Let Y E ~a 
and ¢, 2 E R be such that ¢ ~ Y ~ 2. If r(e{.;}(y)) = r(e{:::}(y)) = 00, then 
co ~ (y) = {x E ~a : ¢ ~ x ~ 2} . 

Proof. The assertion is obvious when ¢ = 2, so let ¢ < 2. Then, by taking 
(y - ¢)/(2 - ¢) instead of y, we may let ¢ = 0 and 2 = 1. Now let p E .--It 
be a projection. To prove p E co ~(y), we can suppose r(p-1) = 00 (consider 
1 - y and p-1 when r(p-1) < 00). Since r( e {I} (y)) = 00 , there is a projection 
q such that q ~ e{I}(Y)' r(q) = r(p) and r(e{I}(Y) - q) = 00. Since p ~ q, 
p = uqu* for some u E ~. Moreover let % = e(O, Ij(Y) - q, so r(qo) = 00. 

Since r(e{O}(Y)) = 00, for each n ~ 1 we have a partition e{O}(Y) = 2:;=1 qi 
into projections with r(qi) = 00. For 1 ~ i ~ n, take a Wi E.--It such that 
W;Wi = qo and WiW; = qi' and let ui = Wi + w[* + (qo + qi)-1 . Then ui E ~ 
and 

uiyu; = ui(q + yqo)u; = q + wiyw; . 

Defining z = n- I 2:;=1 uuiyu;u* in co~(y), we get 

Thus the lemma follows from the fact that {x E .--It: 0 ~ x ~ I} is the II· 11-
closed convex hull of all projections in .--It. 0 

Theorem 3.3. Assume that Jt is a a-finite infinite semifinite factor. If x, Y E 
~a' then the following conditions are equivalent: 

(i) X E co ~ (y) ; 
(ii) x E cow ~(y) ; 

(iii) J~ At(X) dt ~ J~ )'t(Y) dt and J~ At(x) dt ~ J~ At(Y) dt for all s > 0; 
(iv) (x - 2)+ -:< (y - 2)+ and (x - ¢L -:< (y - ¢L where 2 = max aery) 

and ¢ = min aery) . 
Moreover (ii)-(iv) are equivalent without the a-finiteness assumption of Jt. 
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Proof· (ii)::::;. (iii). For every s > 0, f~ Ar(X) dt S; f~ Ar(Y) dt is shown by 
Proposition 1.1(3) as in the proof (ii)::::;. (iii) of Theorem 2.1. Similarly 

los ~r(x) dt ~ los Ar(Y) dt. 

(iii) {:} (iv). The following equalities are immediate: 

A((X - 3)+) = (A(X) - 3)+, 

A((X - ¢)_) = (¢ - ~(x))+, 

A((Y - 3)+) = A(Y) - 3, 
A( (y - ¢L) = ¢ - ~(y) . 

Hence (iv)::::;. (iii) is readily seen. Conversely suppose (iii). Let r = 
sup{t > 0: Ar(X) > 3} (r = 0 if Ar(X) S; 3 for all t > 0). For every s > 0, we 
have r (As 

10 A,((X - 3)+) dt = 10 (A,(X) - 3) dt 

S; IorAs (A,(Y) - 3) dt S; los A,((Y - 3t) dt. 

Hence (x - 3)+ -:< (y - 3)+ and similarly (x - ¢L -:< (y - ¢L . 
(iv) ::::;. (i). We divide the proof into four steps. 
Step 1. Given 10 > 0, define 

x' = 3e(3.3+e](x) + ¢e[~_e.~/x) + xeE(x) 

where E = R\((3,3+e]u[¢-e,¢)). Then Ilx-x'll S; 10, (x'-3)+ S; 
(x - 3)+ and (x' - ¢L S; (x - ¢L. Furthermore, since (y - 3)+ E <5 and 
(x - 3)+ -:< (y - 3)+, we get (x - 3)+ E <5 by [18, Proposition 2.1], so that 

r(e(3.<Xl/x')) = r(e(3+e.<Xl)(x)) = r(e(e,<Xl/(x - 3)+)) < 00. 

Similarly r(e(_<Xl,~)(x')) < 00. Thus we can assume that r(e(3,<Xl/x)) < 00 and 
r(e(_<Xl.~)(x)) < 00. 

Step 2. Suppose ¢ < 3. Given 0 < 10 < (3 - ¢)/2, define 

y' = 3e(3_e,3)(y) + ¢e(~ .~+e)(Y) + yeF(y) 

where F = R\((3 - 10,3) U (¢, ¢ + e)). Then Ily - y'11 S; 10, 3 = maxO"e(y'), 
¢ = minO"e(y'), (y' - 3)+ = (y - 3)+, (y' -¢L = (y -¢L, and 

r(e[3.<Xl/y')) = r(e(3_e,<Xl)(y)) = 00, 

r(e(_<Xl.~](y')) = r(e(_<Xl,~+e/Y)) = 00. 

Next suppose ¢ = 3 and r(e{3}(Y)) < 00. Then r(e(_<Xl,3)(y)) = 00 or 
r(e(:::,<Xl)(y)) = 00. Suppose r(e(3.<Xl)(y)) = 00 and let s = r(e(3,<Xl/x)) « 00 

by Step 1). Moreover let r = As(Y); then r > 3. We readily check that 
(x-3)+ -:< (y-3)+e(r.<Xl/y ). Given 0<e<r-3,define 

y' = 3e(3,:::+e)(y) + yeR\(:::,:::+e)(y)· 
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Then Ily - y'11 ::; e, ae(y') = {3}, (y - 3)+e(r.00)(Y) ::; (y' - 3)+, (y' - 3L = 
(y - 3)_, and r(e{:=:}(y')) = 00. The argument is analogous when ~ = 3 and 
r(e(_oo.:=:)(y)) = 00. Thus we can assume that r(e[:=:.oo/y)) = r(e(_OO,(](y)) = 
00 . 

Step 3. From now on, let us prove (iv) => (i) under the additional assumptions 
observed in Steps 1 and 2. We can take projections p, p' such that p ..l 
p', r(p) = r(p') = 00, e(:=:,oo/y) ::; p ::; e[:=:,oo/y) and e(_OO,()(Y) ::; p' ::; 
e(_OO,(](Y)' Define functions f, I on (0,00) and b, b'E6+ by 

f=A((x-3)+), 

I = A((X - ~L), 

b = (y - 3)+p, 

b' = (y - ~LP' . 
Then f -:< A( b) and I -:< A( b'). Regarding b (resp. b') as an element in ~ 
(resp. ~I ), let us show the existence of a E co 'lIp(b) (resp. a' E co 'lip I (b')) 
such that f -< A(a) (resp. I -< A(a')). Since f(t) = ° for all t ~ r(e(:=:, oo)(x)) , 
there is an 5 E [0, (0) such that fooo f(t) dt = f~ At(b) dt. Letting r = As(b) , 
we get r(e(r,oo)(b)) ::; 5 ::; r(e[r,oo)(b)). First assume that L is a factor of 
type 1100 , Since e(r,oo)(b) ::; e(:=:,OO)(Y) ::; p, we can choose a projection q 
such that e(r.oo/b) ::; q ::; e[r,oo)(b) , q ::; p and r(q) = 5. Define a = bq. 
Because ° E cOU'p_q(b(p - q)) by Lemma 3.1(2), it follows that a E cOU'p(b). 
Moreover, since ?c(a) = X(O,S)A(b) , we get f -< ?c(a). Next assume that L 
is a factor of type 100 (i.e. L = B(£") with the canonical trace). Take an 
integer m with m ::; 5 < m + 1. We can choose projections q, ij such that 
e(r,oo)(b) ::; q ::; ij ::; e[r,oo)(b) , ij ::; p, r(q) = m and r(ij) = m + 1. Applying 
Lemma 3.1(2) to b(p-q) and b(p-ij),weseethat bq and bij are in cOU'p(b). 
Define a E co 'lip (b) by 

a = (m + 1 - 5)bq + (5 - m)bij. 

Since a = bq + r(5 - m)(ij - q), we get 

{
At(b), O<t<m, 

?ct(a) = r(5 - m), m ::; t < m + 1, 
0, t~m+l. 

Hence f -< A( a) is verified as in the proof of [18, Lemma 2.6( 1)]. The existence 
of a' is analogously shown. Now define 

y = (a + 3p) + (-a' + ~p') + y(p + p').L. 

Since yp = a+3p, YP = b+3p and yp' = -a' +~p', yp' = -b' +~p', we get 
yp E co 'lip (yp) and yp' E CO'llpl(YP'). Therefore y E coU'(y). Furthermore 
we have 

(x-3)+-«y-3)+, (x-~)_-«y-~)_, 

r(e{:=:}(y)) = r(e{O(Y)) = 00. 
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Step 4. Finally it suffices to show x E co V (y) for y obtained in Step 3. Let 
e = e(S,oo)(x) , e' = e(_OO,~)(x) and e" = (e+e').l. . We can choose projections 
q, q' such that 

e(S, 00) (y) :s; q :s; e[S, 00) (y) , 

e(_oo,~/Y) :s; q' :s; e(-OO,~J(Y)' 

r(q) = r(e), 

r(q') = r(e'). 

Then e = uqu* , e' = uq' u* and e" = u(q + q').l.u* for some u E V. Taking 
uyu* instead of y, we may suppose q = e and q' = e'. Since (x - B)+ -< 
(y - B)+, xe -< ye as elements in (~\a' Since (x - ¢L -< (y - ¢L, -xe' -< 
_ye' (equivalently xe' -< ye') in (~I)sa' Hence we get xe E co~(ye) and 
xe' E co Vel (ye') by Theorem 2.1. On the other hand, since ¢ :s; xe" :s; B, 
¢ :s; ye" :s; Band r(e{S} (y)") = r(em (y)e") = 00, we get xe" E co Veil (ye") by 
Lemma 3.2. These altogether imply the desired conclusion. Thus we complete 
the proof of the main part. 

Let us prove the last statement of the theorem. Because the a-finiteness 
assumption is unnecessary in the above proof of (ii) =?- (iii) {:} (iv), it suffices 
to show (iii) =?- (ii) when ,,It is not a-finite. We can choose a a-finite infinite 
projection eo EL such that e(_OO,o(y)ve(S,OO)(y):S; eo and ~, BE ae(eoyeo) 
where ae(eoyeo) is defined as that for an element in ~. Given positive 

o 

elements f/JI' ... , f/JN in M*, let e = eo VV~~I S(f/Ji) where S(f/Ji) is the support 
projection of f/Ji' Then the projection e is a-finite. When A(exe) , A(eye) , 
l(exe) and l(eye) are defined as those for elements in ,A;" it follows from 
Proposition 1.1 (3) and condition (iii) that for every 5 > 0 , 

loS A,(exe) dt :s; loS A,(X) dt :s; loS A,(y) dt = loS A,(eye) dt, 

loS l,(exe) dt 2: loS l,(x) dt 2: loS l,(y) dt = loS l,(eye) dt, 

since A(Y) = A(eye) and l(y) = l(eye) from the choice of eo' Hence, by the 
main part of the theorem applied to exe, eye E ,~, given e > 0 there are 
VI' .,. , vK E Ve and AI' ... , AK > 0 with I:~=I Ak = 1 such that 

Ilexe - t,AkVk(eYe)v;ll:s; e. 

Let uk = vk + e.l. for 1 :s; k :s; K. Then uk E V and 

= If/Ji (exe - t,AkVk(eye)v;) I :s; ellf/Jill 

for all 1 :s; i:S; N. This shows that (ii) holds. 0 
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As for the unitary mixing in the measure topology, we have the following 
modification of Theorem 3.3. 

Theorem 3.4. Assume that .£ is a a-finite infinite semifinite factor. If x, Y E 
(L 1(.£) + .£)sa' then the following condition (i') is equivalent to each of (iii) 
and (iv) in Theorem 3.3: 

(i') x E comV(y). 

Proof. (i') => (iii) is readily seen from Proposition 1.1 (2) and (3). The proof 
of (iii) => (iv) is the same as that of Theorem 3.3. (iv) => (i') can be proved 
as (iv) => (i) of Theorem 3.3 with obvious slight modifications. Indeed Steps 1 
and 2 stand with no change. Step 3 is carried out by using Lemma 3.1 (1). 
In Step 4, we may use Theorem 2.3 for xe, .lie E LI (~)sa and xe', ye' E 

L 1 (~, )sa in place of Theorem 2.1. 0 

In the main part of Theorem 3.3 and in Theorem 3.4, the assumption of 
a-finiteness of .£ cannot be removed. For instance, let .£ = B(2') where 2' 
is not separable, and q be a projection with countable infinite dimension. Then 
condition (iii) of Theorem 3.3 obviously holds for x = qJ. and y = q. Hence 
qJ. E cowV(q) , but qJ. is not in coV(q) (cf. [34, Remark 3.6]). However we 
have the next theorem without the a-finiteness assumption. 

Theorem 3.5. Assume that .£ is an infinite semifinite factor. Let x, y E ~a . 
(I)IfYE6,then XECOV(y) ifandonlyijx+ -:<y+ and x_ -:<y_. 
(2) If y E L1(J() + 6, then x E comV(y) if and only if x+ -:< y+ and 

x_ -:< y _ . 

(3) If YELP (.£) with 1 < P < CXl, then x E coLPV(y) if and only if x+ -:< y + 
and x _ -:< y _ . 

(4) If y E LI(.£) , then x E COLIV(y) ifand only if x -< y, i.e. x+ -:< y+, 
x_ -:< y _ and r(x) = r(y). 

Proof. If y is in the class mentioned in each of (1 )-( 4) and if x+ -:< y + and 
x_ -:< y _ , then x is in the same class (see [18, Proposition 2.1]). Here note for 
(2) that L 1 (.£) + 6 = (L 1 (.£) +.£) n 6. When we are restricted to y E 6 sa 
in Theorem 3.3 and to y E (L 1 (.£) + 6)sa in Theorem 3.4, there is no use of 
Lemma 3.2 because 3 = ~ = O. Hence (I) and (2) hold. If YELP (Jt) with 
1 < P < CXl, then COL" V(y) = comV(y) by the proof of [18, Theorem 2.5(3)]. 
Hence (3) follows from (2). 

Finally let us prove (4). Let x, y ELI (.£)sa be such that x+ -:< y + ' x_ -:< y_ 
and r(x) = r(y). Assume in the following that .£ is a type 11= factor. We 
choose {e(: t ~ O} and {e;: t ~ O} as in the proof of Lemma 3.1(3). Then, by 
[21, Lemma 4.1], we may let 

y = 10= A((Y) del + 10= ~((y) de;, 
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, 1- , V ' and also e(o,oo)(lxl) ~ (e + e) where e = V(?oe" e = '20e,. Let s = 

r(y+)-r(x+); then ° ~ s = r(y_)-r(x_) by assumption. Taking r, r' E [0,00] 
such that 

100 A)Y) dt = -loo ~,(y) dt = s, 

we write y = y, + Y2 as in the proof of Lemma 3.1(3). Then x+ -< (Y,)+ in 
L'(~)+ with q = e(o.oo/x) + e, and x_ -< (Y,)_ in L'(.Lq,)+ with q' = 

, LI LI 
e(_oo,O)(x) + e . Hence x+ E co Vq((y,)+) and x_ E co Vq,((y,L) by [18, 
Theorem 2.5(1)]. Furthermore, since Y2 E L'(~")sa with q" = (q + q')1-

and r(Y2) = 0, we get ° E COLI Vq"(Y2) by Lemma 3.1 (3). These imply x E 

COLI V(y). The converse is immediate from (2). 0 

In the sequel of this section, we establish the formulas of dist(x, coV(y)) 
for x, y E '~a and of distLI (x, co V(y)) for x, y E L' (.L)sa' The proof of 
the next theorem is rather easy by virtue of Theorem 3.3. 

Theorem 3.6. Assume that Jt is a ajinite infinite semifinite factor. If x, Y E 
J~a' then 

dist(x, co V(y)) = max {o, sup ~ t (A,,(x) - A1(y)) dt, 
5>0 S 10 115 

• • } sup - (A,(Y) - A1(X)) dt , 
5>0 S 0 

and there exists a z E coV(y) such that Ilx - zll = dist(x, coV(y)). 

Proof. Let p be the right-hand side of the above equality. For every z E 
coV(y) and s > 0, by Proposition 1.1(1) and Theorem 3.3 we have 

1 15 1 }'s Ilx - zll :::: - (A1(X) - A,(Z)) dt :::: - (A)x) - A'I(y)) dt, 
s 0 s 0 

and similarly 
1 t . . 

Ilx - zll :::: s 10 (Alv) - A,(X)) dt. 

Hence dist(x, coV(y)) :::: p. Conversely define 

z = (x - p)e(=+ )(x) + :=:e(= =+ j(x) _ p.oo _,_ p 

+ (x + p)e(_oo.~_P)(x) + ~e[~_p.~)(x) + xe[~.=:j(x), 
where :=: = max al'(Y) and ~ = min a,,(Y). Then x - p ~ z ~ x + p, so 
Ilx - zll ~ p. Moreover it is easy to check that A(Z) ~ (A(X) - p) v:=: and 
~(z) :::: (},(x) + p) 1\ ~. For every s > 0, because 

los (A1(X) - p) dt ~ 105 A,(Y) dt, 

loS (~I(X) + p) dt :::: 105 ~1(Y) dt, 



CLOSED CONVEX HULLS OF UNITARY ORBITS 23 

we get f~ At(Z) dt -::; f~ At(Y) dt and f~ At(z) dt ~ f~ At(Y) dt. Therefore z E 
co ;?'/ (y) by Theorem 3.3. 0 

Theorem 3.7. Assume that L is an infinite semijinite factor. If x, Y E 
1 L (Llsa' then 

distLI (x, co ;?'/(y)) = max {2 sup f' ()'t(x) - At(Y)) dt - r(x - y), 
5>010 

2sup f'(At(Y)-\(X))dt+r(X-Y)} ' 
s>0 10 

and there exists a z E COLI ;?'/(y) such that Ilx - zlll = distLI (x, co;?'/(y)). 
Proof. Let p be the right-hand side of the above equality. For every z E 
co;?'/(y) and s > 0, by [21, Theorem 4.4] and Theorem 3.5(4) we have 

Ilx - zlll ~ 11)·(x) - A(z)lll + 11),(x) - A(z)11 1 

~ 2 fo5 (At(X) - At(Z)) dt - r(x+ - z+) + r(x_ - z_) 

~ 2 fo5 ()'t(x) - At(Y)) dt - r(x - y), 

and similarly 

Ilx - zlll ~ 2 fo5 (At(y) - At(x)) dt + r(x - y). 

Hence distLI (x, co ;?'/(y)) ~ p. We continue the proof in the type IIoo case as 
before (the case .41 = B(£,,) is analogous from Propositions 1.4 and 1.6 applied 
to vectors in Rn or /1 ). Considering -x, -y instead of x, y if necessary, 
we may suppose that 

p = 2 sup f' (At(X) - ))y)) dt - r(x - y). 
5>010 

So there is an r E [0, 00] such that 

p = 2 for (At (x) - ))y)) dt - r(x - y) 

= for (At (x) - At(Y)) dt + 100 (A/(y) - At(X)) dt 

+ fooo (At(Y) - ),/(x)) dt. 

Then, for every s > 0, we have 

fo'(At(X) - At(Y)) dt -::; fo'(A/(X) - ).lv)) dt, 

fos (A/(y) - At(x)) dt -::; fo'(Ar(X) - ArCV)) dt - r(x - y), 
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so that 

l'At(X)dt~ l'A/(Y)dt, 0<5<r, 

IS A/(X) dt :::; IS At(Y) dt, r < 5 < 00, 

100 (A/(X) - A/(Y)) dt :::; 100 (~t(Y) - ~t(X)) dt, s> O. 

Let 1; = A(x)I(O, r), gI = A(y)I(O, r), 1; = A(x)l(r, 00), g2 = A(y)l(r, 00), 
f3 = -~(x) and g3 = -~(y). Here we regard (0, r) (resp. (r, 00)) as a 
void interval when r = 0 (resp. r = 00). Applying Proposition 1.4(3) to 1; , 
gI E L~(O, r), we obtain an hI E L~(O, r) such that 1; ~ hI -< gl' Replacing 
hI by (hI)* , we may let hI = (hI)* . Next define f, g E L~((r, 00) u( -00,0)) 
by 

f(t) = {1;(t), r < t < 00, 
-f3(-t) , -oo<t<O, 

g(t) = { g2(t), r < t < 00, 
-g3(-t), -00 < t < O. 

Then it follows that f and g satisfy condition (ii) of Proposition 1.6. Hence 
Proposition 1.6 implies that there exists an h E L~((r, oo)U( -00,0)) satisfying 
f:::;h-<g. Define h2EL~(r,00) and h3EL~(0,00) by h2(t) = (h+)*(t-r) 
and h3 = (h_)* . Then f:::; h -< g implies that f2 :::; h2 --:< g2' f3 ~ h3 --:< g3' 
and 100 h2(t) dt - faoo h3(t) dt = 100 g2(t) dt - faoo g3(t) dt. 

The rest of the proof is divided into two cases. 
-L Case 1. Suppose r(e[O,oo/x)) = 00. Let e = e[O,oo)(x) and 5 = r(e ) 

(E [0,00]). Taking the Schmidt decompositions of x+ E L\~)+ and X_ E 

LI(~J..)+ as in the proof of [21, Theorem 4.3], we can represent x as follows: 

x = faoo At(X) det + fas ~t(x) de;, 

where {et : t ~ O} and {e;: 0 :::; t < s} are increasing families of projections 
f I -L I f such that et :::; e, r(et) = t or t ~ 0, and et :::; e , r(et ) = t or 0 :::; t < s. 

Since h3:::; f3' h3(t) = f 3(t) = 0 for all t ~ s. Define 

z = far hI (t) det + 100 h2(t) de/ - fas h3(t)de; . 

Since hI (r - 0) ~ h2(r + 0), we get A(z)I(O, r) = hI' A(z)l(r, 00) = h2 , and 
also -~(z) = h3 . Hence z+ ~ y+, z_ --:< y_, and 

r(z) = fa' hI (t) dt + 100 h2(t) dt - faoo h3(t) dt 

= far gI (t) dt + 100 g2(t) dt - faoo g3(t) dt = r(y), 
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L' 
SO that z E co W(y) by Theorem 3.5(4). Furthermore 

Ilx - zlll = for (fl (t) - hI (t)) dt + 100 (h2(t) - fz(t)) dt 

+ fooo (h(t) - h3(t)) dt 

= forU;(t)-gl(t))dt+ loo(g2(t)-fz(t))dt 

+ fooo (h(t) - g3(t)) dt 

=p. 

25 

Case 2. Suppose r(e[o.OO)(x)) < 00. Let s = r(e[O,oo)(x)). Taking the 
Schmidt decompositions of x+ and x_ , we write 

x = fos A((X) del + fooo ~((x) de; , 

where {e(: 0 ~ t ~ s} and {e;: t ~ O} are as in Case 1. Since A((X) = 0 for 
t ~ s, we can suppose r ~ s. Define h' E L~(O, 00) by 

h' (t) = h2 (s + t) - h3 (t) , t > 0, 
and 

z = for hI (t) del + IS h2(t) del + fooo h' (t) de; . 

Letting z' = Iooo h' (t) de; , we easily verify that ).(z') = (h~)* and -~(z') = 

(h~)*. Since (h~)*(t) ~ h2(s + t) and (h~)*(t) ~ h3(t) for all t > 0, we 
get A(z)I(O, r) = hI' A(z)l(r, s) = h21(r, s), ).(z)l(s, 00) ~ h21(s, 00), and 
-~(z) ~ h3 • Therefore z+ ~ y+, z_ ~ y_, and 

r(z) = for hi (t) dt + IS h2(t) dt + fooo h' (t) dt 

= for hI (t) dt + 100 h2(t) dt - fooo h3(t) = r(y), 

L' , so that z E co W(y) by Theorem 3.5(4). Furthermore, because 13 + h ~ 

13 - h3 ~ 0, we have 

Ilx-zlll = for(!t(t)-hl(t))dt+ IS (h2(t)-fz(t))dt 

+ fooo (f3(t) + h' (t)) dt 

= for (fl (t) - hI (t)) dt + 100 (h2(t) - fz(t)) dt 

+ fooo (f3(t) - h3(t)) dt 

=p. 0 



26 FUMIO HIAI AND YOSHIHIRO NAKAMURA 

When L is a semi finite factor, it is seen from Theorems 2.3,3.5(3) and [21, 
Theorems 4.3,4.4] that dist l ."(x ,coi?/(y)) for x, y E LP(L)sa' 1 < P < 00, 

is determined by the spectral scales of x and y. However it seems that there 
is no simple formula for the LP -distance. 

4. THE TYPE III FACTOR CASE 

The main task in this section is to estimate dist(x, coi?/(y)) for normal 
operators x, y ELand dist( qJ , co i?/ (1fI)) for selfadjoint elements qJ, IfI E 
L* when L is a type III factor. To begin with, we characterize x E co i?/(y) . 

Theorem 4.1. Assume that L is a a-finite factor of type III. If x, y E L are 
normal, then the following conditions are equivalent: 

(i) x E co i?/(y); 
(ii) x E cow 'U' (y) ; 

(iii) a(x) <:::; co a(y) where a(x), a(y) are the spectra of x, y. 
Moreover (ii) and (iii) are equivalent without the a-finiteness assumption of L . 
Proof. (ii)::;. (iii). As is well known [16, Problem 171], we have W(y) = co a(y) 
by normality of y, where W(y) is the closure of the numerical range of y. 
Let {x) be a net in co 'U'(y) such that Xj ----> x weakly. Then 

(xtlltl) = lim(xjtlltl) E co a(y) 
) 

for every tI E ~ with Iitlil = 1 , where ,£ acts on ~ with the inner product 
(,1,), Hence a(x) <:::; W(x) <:::; coa(y). 

(iii)::;. (i). Suppose a(x) <:::; coa(y). To prove x E co'U'(y) , it suffices to 
show the case when x and y have finite spectra. Indeed, given e > 0, there 
exist normal operators x' , / E Jt with finite spectra such that Ilx - x'il < e , 
Ily - ill < e and a(x') <:::; co a(/). So we write x = 2:;:loiPi and y = 
2:;=1 Pjqj where Pi' q) are nonzero projections with 2:;:1 Pi = 2:]=1 qj = 1 , 
and 0i' p) E C. For 1 :::; j :::; n, let q) = 2:;1:\ qij be a partition into nonzero 
projections. By a-finiteness of ,£, we may suppose Pi = 2:;=1 qi) because 
there is aWE i?/ such that Pi = W(2:;=1 qij)W*, 1 :::; i :::; m. Then (iii) 
follows from 

Hence it suffices to show that 01 E coi?/(y) whenever a E co{P I , ••• , Pn }. 

Let a = 2:]=1 p)Pj with p) 2: 0, 2:;=1 Pj = 1. Choosing a doubly stochastic 
n x n matrix [Pij] with PI) = Pj , we define Yi = 2:;=1 Pi/Pj for 1 :::; i :::; n 
(hence YI = (~) and Yo = 2:;=1 y)qj' By Birkhoff's theorem [3], there are 
permutations 7l 1 , ... , 7lK of {I, ... , n} and AI'"'' }'K > 0 with 2::=1 Ak = 
1 such that Yj = 2::=1 AkPn, (j) for 1 :::; j :::; n. Let u I ' ... , UK E i?/ be such 
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that Ukq7r,(j)U~ = qj' 1 '5. j '5. n, I '5. k '5. K. Then 

Yo ~ ~ Ak (t. P" (jjq,) ~ ~ AkUkYU; E co \!f (y) . 

N 1 ",n (J ") d J II 2' b . . . ow et ql = L..J'=2 P, + P, an q; = q) + qj' '5. } '5. n, e partItIOns mto 
nonzero projections. Choose u, v E 'U' such that for 2 '5. j '5. n , 

/I * '" I * I *" uPj U = Pj + Pj , up)u = qj' uqju = qj , 

,,* '" '*" * I vPj V = Pj + Pj , vPjv = q), vqjv = qj' 

and define a sequence {Y/} in co 'U' (y) by 

I • • I Y/ = 2(UY/_ Iu +vY/_Iv ), 2: 1. 
Then an easy computation gives 

Y/ = aql + t, { (1 - ;/) Cy + ~~ } qj' 

so that IIY/ - Cy 111 --+ 0 as I --+ 00 , as desired. Thus the proof of the main part 
is completed. 

Let us prove the last statement of the theorem. We need to show (iii) =:> (ii) 
when .£ is not a-finite. To do so, it suffices to show the case when x = 2:: 1 a,p, and Y = 2:]=1 f3 j qj as above. Repeating some a, or f3j if necessary, 
we may suppose m = n. Given positive elements rtJ I , ... , rtJ N in vii. and 
e > 0, there are a-finite projections el , ... , en E.£ such that ej '5. Pj and 

rtJ,(e.l) '5. e. 1 '5. i '5. N, where e = 2:]=1 ej . Also choose nonzero a-finite 
•• J J JJ . h J d I J ",n J Th h projectIOns el , ... , en E /{'t wIt ej '5. q; ,an et e = L..Jj=1 ej . en t ere 

• (J)/ h h J • I' d.l J.l. eXlsts a 'W E u suc t at ej = we;w, '5.} '5. n, an e = we w . 

Applying the main part to Xo = 2:]=1 o)e) and Yo = 2:]=1 f3;e; in vIt", we can 
choose VI' ... , vK E 'U'e and AI' ... , AK > 0 with 2:[=1 Ak = I such that 

Ilxo - tAkVkYov; II < e. 
For I '5. k '5. K, let Uk = 11k + e.l : then Uk E'U' and 

( 
~ "I * *) ~ "I I I * * e x - ~1"kU~WYW Uk e = Xo - ~AkVk'We ye 11) Vk 

For each I '5. i '5. N , because 

K 

= Xo - L AkVkYOV; . 
k=1 

.l .l IrtJ,(z)1 '5. IrtJ,(eze)1 + IrtJ/(e ze)1 + IrtJ,(ze )1 
.l If? • 1/1 • Ie .l 1/1 '5. IlrtJ,llllezell + rtJ,(e ) -rtJ,((ze) ze) ~ + rtJ,(zz ) ~rtJ,(e ) ~ 

'5. IlrtJ,llllezell + 2e l / 21IrtJ,III/21Izll, z E.£, 
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we get 

IqJi (x - f;AkUkWYW*U;) I :S ellqJili + 2e 1/ 2 1IqJi/2 Ul x ll + Ilyll)· 

This shows that (ii) holds. 0 

Theorem 4.2. Assume that L is a a -finite factor of type III. If x, Y E L are 
normal, then 

dist(x, co V(y)) = sup dist(o, co a(y)) , 
aEo-(x) 

and there exists a normal operator z E co V (y) such that 

Ilx - zll = dist(x, coV(y)). 
Proof. Let z E coV(y) and 0 = (x'1I'1) where '1 E 7t', 11'111 = I. Since 
W(z) ~ coa(y) follows as in the proof (ii):::} (iii) of Theorem 4.1, we have 

Ilx - zll ~ I((x - z)'1I'1)1 ~ dist(o, co a(y)). 
Since a(x) ~ W(x) , this implies 

dist(x, coV(y)) ~ sup dist(o, coa(y)). 
aEo-(x) 

Given 0 E C, let f(o) E coa(y) be such that 10 - f(o)1 = dist(o, coa(y)). 
Then f is a continuous function on C. Now define z = f(x) through the 
spectral decomposition of x. Then 

Ilx - zll = sup 10 - f(o)1 = sup dist(o, co a(y)). 
nEo-(x) aEo-(x) 

Moreover a(z) = f(a(x)) ~ coa(y). Hence Z E coV(y) by Theorem 4.1. 0 

Let L*.sa (resp. L*.+) denote the set of all selfadjoint (resp. positive) ele-
ments in L*. The support projection of qJ E L*. + is denoted by s( qJ). The 
Ky Fan functional of qJ E L. is defined by 

K(qJ,x)=supReqJ(u*xu), xEL. 
uEU 

It is known [I,p. 64]thatifqJ, If/EJI'(*,+ and qJ(I)=If/(l),then qJECOV(If/) 
if and only if K (qJ, q) :S K (If/ , q) for every projection q E L. When L is a 
type III factor, i t follows that K ( qJ , q) = qJ ( I) for every qJ E L. . + and every 
nonzero projection q E L. Hence the next lemma follows. 

Lemma 4.3. Assume that L is a factor of type III. If qJ, If/ E L. , + and qJ ( I) = 
If/ ( 1 ), then qJ E co V ( If/) . 

The next lemma is similar to Lemma 3.1(3). 

Lemma 4.4. Assume that L is a factor of type III. If If/ E L. , sa and If/ ( I) = 0, 
then 0 E co V( If/). 
Proof. Let If/ = If/ + - If/ _ be the Jordan decomposition of If/ . Suppose If/ + (I) = 
If/ _ (I) > 0 and let e = s( If/ +). Then there exists a U E V such that ueu* = 
s(If/_) and uS(If/_)u*=e. Define w=-u*lf/u. Since s(W+) =s(u*lf/_u) =e, 
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J.. J.. J.. J.. we have w = ewe + e we as well as '.fI = e'.fle + e '.fie ,and w, '.fI are 
positive on ~ and negative on ~.L. Furthermore it is easy to check that 
w(e) = '.fI(e) and w(eJ..) = '.fI(eJ..). Thus Lemma 4.3 implies w E co~('.fI), 
and hence 0 = ('.fI + uwu*)/2 E cO~('.fI). 0 

Theorem 4.5. Assume that .L is a factor of type III, and let rp, '.fI E L" sa' 

Then 
dist(rp, cO~('.fI)) = max{llrpll-II'.fIII, Irp(l) - '.fI(1)1}, 

and there exists an w E cO~('.fI) such that IIrp - wll = dist(rp, co~('.fI)). In 
particular, rp E co ~('.fI) if and only if IIrpll ::::: II '.fill and rp( 1) = '.fI( 1). 
Proof. First let us prove the last part. If rp E co~ ('.fI) ,then II rp II ::::: II '.fI II and 
rp(l) = '.fI(1) are obvious. Conversely suppose IIrpll ::::: 1I'.fI1i and rp(l) = '.fI(l). 
Then rp + ( 1) ::::: '.fI + ( 1 ), rp _ ( 1) ::::: '.fI _ ( 1) , and '.fI + ( 1) - rp + ( 1) = '.fI _ ( 1) - rp _ ( 1) . 
We can choose projections q, ' q2 E L such that 

q, ::::: s('.fI+) , 
q2::::: S ('.fI_), 

'.fI+(q,) = '.fI+(1) - rp+(l), 
'.fI-(q2) = '.fI_(1) - rp_(l). 

Let e = s('.fI+) and q = (q, + q2)J.. . Define 

Iji = q, '.fIq, + q2'.f1q2 + q'.flq. 

Then Iji = eljie+eJ..ljieJ.. ,and Iji, '.fI are positive on ~ with Iji(e) = '.fI(e) and 
negative on '~.L with lji(eJ..) = '.fI(eJ..). Hence Iji E cO~('.fI) by Lemma 4.3. 
Also Iji = qJ..ljiqJ.. + qljiq and lji(qJ..) = '.fI+(q,) - '.fI-(q2) = O. Hence qljiq E 
co ~ (Iji) by Lemma 4.4. Now let w = q Iji q which is in co ~ ('.fI). So it suffices 
to show rp E co ~ ( w) . We get 

w+(l) = Iji+(q) = '.fI+(q~) = rp+(l) , 

w _ (1) = Iji _ (q) = '.fI _ (q:) = rp _ (1) . 

If either rp+!l)=O or rp_(l) =O,then Lemma 4.3 implies rpECO~(W). On 
the other hand, if rp+(1) > 0 and rp_(1) > 0, then s((u*wu)+) = s(rp+) for 
some u E ~ , and hence Lemma 4.3 implies rp E co~(u* wu) = co ~(w). Thus 
the last part is proved. 

Next let us prove the main part. For every WECO ~ ('.fI) , we have 

IIrp - wll 2: Irp(l) - w(1)1 = Irp(l) - '.fI(1)1, 
J.. J.. J.. IIrp - wll 2: Irp(p - p ) - w(p - p )1 = IIlrpll - w(p - p )1 

2: IIrpll-lIwll 2: IIrpll-II'.fI1i 

where p = s( rp +). Hence 

dist( rp , co ~ ( '.fI)) 2: max {II rp II - II '.fI II , 1 rp ( 1) - '.fI ( 1 ) I} . 

The rest of the proof is divided into two cases. 
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Case 1. Suppose tp + (1) :::; IfI + (1) and tp _ (1) :::; 1fI_ (1). Considering -tp, -Ifl 
if necessary, we may suppose tp( 1) :::; 1fI( 1). First when tp + (1) > 0, define 

w = (1 + 1fI(1) - tp(l)) tp _ tp . 
tp+(l) +-

Then w(l) = tp(l) and 

Ilwll = tp+(I) + 1fI(1) - tp(1) + tp_(I) = 1fI(1) + 2tp_(1) 

:::; 1fI(1) + 21f1_(1) = II ifill , 

so that WE co V( 1fI) by the last part already shown. Moreover Iltp-wll = 1fI( 1)-
tp ( 1 ). Second when tp + ( 1) = 0 and tp _ ( 1) > 0, define w = (Ifl ( 1 ) / tp _ ( 1 ) ) tp _ . 
Then Iltp - wll = Itp(l) - 1fI(1)1, w(l) = 1fI(1) and Ilwll = 11fI(1)1 :::; II ifill ; hence 
w E co V ( 1fI). Third when tp = 0, w = IfI is enough. 

Case 2. We may suppose tp + (1) > IfI + (1) in the case remaining. First when 
tp _ ( 1) > 0, define 

1fI+(I) 1fI_(1) 
w = tp+(I) tp+ - tp_(l) tp-. 

Then w(l) = 1fI(1) and Ilwll = 111fI11. Hence wE COV(IfI) by the last part. 
Moreover 

Iltp - wll = Itp+(l) - 1fI+(1)1 + Itp_(l) - 1fI_(1)1, 

which is equal to Iltpll-111fI11 if tp _ (1) 2 1fI_ (1) , or to Itp(l) - 1fI(1)1 if tp _ (1) < 
1fI_(1). Second when tp_(l) = 0, define w = (lfI(l)/tp+(l))tp+. Then Iltp-wll = 
Itp(l) - 1fI(1)1 and WE COV(IfI) as in Case 1. 0 

The formulas in Theorems 4.2 and 4.5 are much simpler than those given in 
the previous sections. This means that the convex hulls of unitary orbits are 
very large in type III factors. 

In the rest of this section, we estimate dist LP (x, co V (y)) for selfadjoint 
elements x, y in the Haagerup LP -space [15] in case of type III, factors. 
To fix notations, we here give a very brief survey on Haagerup L P -spaces (see 
[39] for details). Let L be an arbitrary von Neumann algebra. Let .If/ be the 
crossed product of L by the modular automorphism group, which admits the 
faithful normal semifinite trace r and the dual action 0 satisfying r 0 Os = 

e -s r, s E R. For 1 :::; p < 00 , the Haagerup LP -space LP (L) is defined by 

LP(L) = {x E 7: 0s(x) = e-s/px, s E R}. 

Let LP(L)sa (resp. LP(L)+) denote LP(L)n~a (resp. LP(L)nJ'Y.r). Then 
L' (L) is canonically order-isomorphic to L* by a linear bijection tp E L* t--+ 

hrp E L' (L), and the positive linear functional tr on L' (L) is defined by 
tr(hrp) = tp(l), tp E L,.. For 1 :::; p < 00, LP(L) is a Banach space with 

the norm Ilxllp = tr(lxn'/P and has all the expected properties, e.g. duality, 
Holder's inequality, and uniform convexity in case of 1 < p < 00. The unitary 
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orbit of y E LP(L) is given by tI(y) = {uyu*: u E tI} where tI is the 
unitaries in L. If YELP (L) and u E tI, then Iluyu* lip = IIYllp' If y E 
LP(.,f!)+, then the support projection s(y) (= e(O,OO)(Y)) of y is in L. Note 
that when elf is semifinite, the Haagerup LP -space coincides with LP (L) in 
the sense of § 1. 

p LP 
Lemma 4.6. If y E L (ulf\a' 1 < p < 00, and x E co tI(y), then Ilx+llp:::; 
Ily + lip and Ilx Jlp :::; Ily -lip' 
Proof. By [25, Theorem 4.4] (also [21, Lemma 5.1]), we may suppose x E 
co tI(y) , so x = 2:7=1 Aiuiyu; with ui E tI, Ai > 0 and 2:7=1 Ai = 1. Let 
lip + l/q = 1, ZI = 2:7=1 Aiuiy+u; and z2 = 2:7=1 Aiuiy_u;. Then x = 
Z 1 - z2 . By [39, Proposition 11.33] and Holder's inequality, we get 

p p-l p-l p-l 
Ilx+llp = tr(xx+ ) = tr(zlx+ ) - tr(z2x+ ) 

:::; tr(zl<-l):::; Ilzlllpll<-lllq:::; IIY+llpllx+II~/q, 

so that Ilx+llp:::; Ily+ll p ' and similarly IlxJlp:::; IlyJlp ' 0 

Lemma 4.7. Assume that L is afactor of type III, and let eEL be a projection. 
p U IfYEL (L)+, 1 <p<oo, ands(y):::;e, then OECO tle(Y). 

Proof. By approximation, we may assume s(y) f:. e. Then for each n ~ 1, 
there are ul "'" un E ~ such that uis(y)u;, 1:::; i:::; n, are mutually orthog-
onal. Let z=n- l 2:7=lUiYU;. Then 

This shows the lemma. 0 

Theorem 4.8. Assume that L is a factor of type IIIl ' and let x, YELP (L)sa 
with 1 < p < 00. Then 

distLP(x, cotl(y)) = {(llx+llp -lly+llp): + (1lxJl p -lly-llp):}I/P. 

In particular, x E COL" tI(y) If and only if Ilx+ lip:::; Ily + lip and Ilx_llp :::; Ily _lip. 

Proof. First let us prove the last part. Suppose Ilx+llp :::; Ily+ll p and Ilx_llp :::; 
L" IlyJlp ' Let e = s(y+). By Lemma 4.7, there exist Zl E co tle(y+) and 

z2 E COLI' ~-"- (y _) such that II Z lilp = Ilx+ lip and II z211p = Ilx Jlp. Letting Z = 
-u zl - z2' we get z+ = zl' Z_ = z2' and Z E co tI(y). Then [21, Theorem 5.3] 

L" implies that x is in the II· lip -closure of tI (z) and hence x E co tI (y). The 
converse is Lemma 4.6. 
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Next let us prove the main part. For every z E coV(y) , by [21, Lemma 5.1] 
and Lemma 4.6 we have 

Hence 

Ilx - zll~ ~ Illx+llp -lIz+llpIP + IllxJlp -llz_lIpIP 

~ Ulx+llp - Ilz+llp): + (1Ix_lIp - liz_lip): 

~ (1Ix+llp -lly+llp): + (1lxJlp -llyJlp):' 

distLP (x, co V(y)) ~ {(llx+ lip - Ily + lip): + (1Ix_lIp _ lIy _lip):} i/p . 
Here it is worth noting that the above inequality is valid when L is a general 
von Neumann algebra. Conversely define 

Ilx+llp 1\ Ily+llp IlxJlp 1\ IlyJlp 
z = Ilx+llp x+ - IlxJlp x_, 

where the first (resp. second) term of the right-hand side expression is meant to 
be 0 if x+ = 0 (resp. x_ = 0). Since Ilz+llp ~ Ily +llp and IlzJlp ~ Ily Jlp , we 
get z E coe V(y) by the last part previously shown. Furthermore 

Ilx - zll~ = (1Ix+llp - Ily +llp): + UlxJlp -Ily Jlp):' 0 

In Theorem 4.8, because of uniform convexity of e (L), there exists a 
unique z E coLI'V(y) such that Ilx - zll = distL" (x , coV(y)). Theorem 4.8 is 
due to homogeneity of the normal state space of type IIIi factors [8]. Indeed 
the next theorem shows that it does not hold unless L is a type Illi factor. 

L" Theorem 4.9. Let 1 < p < 00 and suppose that x E co V(y) for every x, 
y E LP(L)+ with Ilxllp = IIYllp = 1. Then L is a factor of type IIIi . 
Proof. For 1 ~ q < 00 , consider the following condition: 

(Hq) x is in the 11'llq-closure of V(y) for every x, y E Lq(L)+ with 
IIxll q = Ilyllq = 1 . 

Connes and Stormer [8] proved that (Hi) holds if and only if L is a factor 
of type III i . Noting that Iluyu*llp = IIYllp for all u E V, we see by uniform 
convexity that the assumption in the theorem implies (Hp)' So it suffices to 
show that (Hp) => (Hi)' If x, y E Lq(L)+ and Ilxllq = Ilyllq = 1, then 

II II - ill( i/2 i/2)( i/2 i/2) (i/2 i/2)( i/2 i/2)11 x-y q - 2. x +y x -y + x -y x +y q 

~ II(X i/2 + //2)(Xi/2 _ /12)llq 

~ (lix i/2 Ibq + 11//2Ibq)llx i/2 - //2 112q 
= 211xi/2 - //2 112q . 

This shows that (H2q ) => (Hq). Furthermore, if 1 ~ q ~ q' < 00, then 
(Hq) => (Hq,) follows from the generalized Powers-Stormer inequality proved 
by Kosaki (appendix of [21]). Thus we have the desired conclusion. 0 
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For 1 ~ p < 00 , let LP (L) +, I IV denote the space of closed unitary orbits 
in {x E LP (L) +: Ilx lip = I} . The above argument shows that LP (L) +, I IV is 
a singleton if and only if L is a type III! factor. The second-named author 
[29] recently obtained some results on diameters of LP (L) +, ! IV for factors 
of type lIlA' 0 < A < 1 , using the discrete Haagerup LP -spaces (see [7] for the 
special case p = 1 ). 

5. DISTANCE BETWEEN CONVEX HULLS OF UNITARY ORBITS 

We denote by dist(coV(x), coV(y)) the II'II-distancebetween coV(x) and 
coV(y) for x, y E L, and by dist(coV(tp), coV(IfI)) the same for tp, IfI E 
L. . In this section, we establish the formulas of these distances for selfadjoint 
elements. These formulas are very simple compared with those established in 
the previous sections. 

Theorem 5.1. (1) Assume that ,£ is a finite factor with the normalized trace r, 
If x, y E L , then 

dist(coV(x), coV(y)) = Ir(x) - r(y)l. 
(2) Assume that ,£ is a a-finite infinite semifinite factor. If x, Y E ~a' 

then 
dist(co V(x), coV(y)) = dist(co ae(x) , coae(y)). 

(3) Assume that ,£ is a a-finite factor of type III. If x, Y E L are normal, 
then 

dist(co V(x), co V(y)) = dist(coa(x) , co a(y)). 
Proof. (1) is immediate from the well-known fact that r(x)l E coV(x) for all 
x E L. (More generally, when L is a finite von Neumann algebra, we have 
dist(co V(x), co V(y)) = IIx~ - yqll for every x, y E L where x I--t x q is the 
center-valued trace [12, §1II.4].) 

(2) Let x' E co V(x) and y' E co V(y). Since Theorem 3.3 implies 

minae(x) ~ minae(x') ~ maxae(x') ~ maxae(x) , 

minae(y) ~ minae(y') ~ maxal'(y') ~ maxae(y) , 
by Proposition I. I ( I) we have 

IIx' - y'li ::::: I max ae(x') - max ae(y')1 ::::: dist(co ae(x) , co ae(y))· 

Conversely, if min ae(x) ~ 0 ~ max ae(x) and min ae(y) ~ P ~ max aeCv) , 
then 0 I E coV(x) and PIE co W(y) by Theorem 3.3, and hence 

dist(co V(x), co W(y)) ~ In - PI. 
(3) If x' E coV(x) and y' E coW(y) , then we have 

IIx' - y'li ::::: dist(W(x') , W(y'))::::: dist(coa(x), coa(y)), 

since W(x') <;,;: coa(x) and W(y') <;,;: coa(y) (see the proof (ii):=:;, (iii) of Theo-
rem 4.1). Conversely, if (} E coa(x) and P E coa(y) , then 01 E coW(x) and 
PI E coV(y) by Theorem 4.1, and hence dist(coa(x), coa(y)) ~ In- PI. D 
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Theorem 5.2. Assume that L is any factor. If rp. If! E L,. . sa' then 

dist ( co V ( rp) , co V ( If!)) = I rp ( 1) - If! ( 1 ) I . 
Proof. Let us prove dist( co V ( rp ) , co V ( If!)) ::; I rp ( 1 ) - If! ( 1 ) I in each type of L 
(the reversed inequality is obvious). 

(1) Let L be a finite factor. It suffices to show that if x, y ELI (L)sa ' 
then 

distLl(coV(x), coV(y)) ::; Ir(x) - r(y)l. 

But this follows from Theorem 2.3 together with 

( r (x) / r ( 1 ) ) 1 -< x , ( r (y) / r ( 1 ) ) 1 -< Y . 

(2) Let L be an infinite semifinite factor. We need to show the above 
inequality in (1) for every x, y ELI (L)sa' Because this is obvious from 
Lemma 3.1(3) if r(x) = 0 or r(y) = 0, we may assume that r(x) and r(y) 
are nonzero. Let x = x/r(x) , Y = y/r(y) , and 

an = min {fon A((X) dt, foil ))y) dt, 1 } , n ~ 1. 

Then all T 1 since r(x+) ~ r(x) = 1 and r(y +) ~ r(y) = 1. Furthermore 
1 an - a n_ 1 1 0 where aD = O. Hence we can choose a z E L (L)+ such that 

A/Z) = an - 0n_1 for n - 1 ::; t < n. Since Z -:< x+ and r(z) = 1 = r(x), we 
get z -< x and hence r(x)z -< x. Similarly r(y)z -< y. Thus Theorem 3.5(4) 
implies r(x)z E COLI V(x) and r(y)z E COLI V(y), so that we have the desired 
inequality. 

(3) Let L be a type III factor. For any normal state w on L, by Theo-
rem 4.1 we get rp(l)w E coV(rp) and If!(l)w E coV(If!) , implying the desired 
inequality. 0 

Indeed the above proofs have shown the following: In (l )-( 3) of Theo-
rem 5.1, there exist x' E coV(x) and y' E coV(y) such that Ilx' - y'll = 
dist(coV(x), coV(y)). In Theorem 5.2, there exist rp' E coV(rp) and If! , E 
coV(If!) such that Ilrp' - If!'ll = Irp(l) - 1f!(1)1· 

6. THE NONFACTOR CASE 

Let L be a von Neumann algebra on a separable Hilbert space Jf!'. We 
decompose {L, Jf!'} into factors as the direct integral: 

{,£ , Jf!'} = lffi {L(y), Jf!'(y)} dv(y) 

where y I---t {L(y), Jf!'(y)} is a measurable field offactors on a standard a-finite 
measure space (r, ~ , v), Given x E L (resp. rp E L,. ), there exists a unique 
(in the a.e. sense) measurable field x(·) E TI)'ErL(y) (resp. rp(.) E TI)'Er./Jt'(Y)J 
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x = iff) x(y) dv(y) 

Ilx II = ess sup Ilx( y) II 
yEr 

(rp = iff) rp(y) dV(Y)) , 

(11rpll = i Ilrp(y)11 dv(y)) . 
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If x E ~a (resp. rp E ~ ,sa)' then we can assume that x(y) E .4'(Y)sa (resp. 
rp(y) E .4'(y) • . sa) for all y E r. In the following, we always keep the above 
correspondence between x and x(·), or between rp and rp(.). For more on 
theory of direct integral decompositions, we refer to [12, Chapter II] and [38, 
§IV.8]. 

Together with the estimates established in §§2-5, the next theorems give the 
complete estimates of distances for convex hulls of unitary orbits. 

Theorem 6.1. If x, y E ~a' then 

dist(x, co~(y)) = ess sup dist(x(y) , co~(y(y))), 
yEr 

where ~(y(y)) is the unitary orbit of y(y) in .4'(y) , and there exists a Z E 
co~(y) such that Ilx - zll = dist(x, co~(y)). 

Theorem 6.2. If rp, !fI E .4'. , sa' then 

dist(rp, cO~(!fI)) = i dist(rp(y), cO~(!fI(y)))dv(y), 

where ~(!fI(Y)) is the unitary orbit of !fI(Y) in .4'(y)., and there exists an 
WE cO~(!fI) such that Ilrp - wll = dist(rp, co~(!fI)). 

Theorem 6.3. (1) If x, y E ~a' then 

dist(co~(x), co~(y)) = esssupdist(co~(x(y)), co~(y(y))). 
yEr 

(2) Ifrp, !fIE.4'.,sa' then 

dist(co~(rp), cO~(!fI)) = i dist(co~(rp(y)), cO~(!fI(y)))dv(y) 
= i Irp(y)(I) - !fI(y)(I)1 dv(y). 

Here we only give a sketch of the proof of Theorem 6.1. Taking the v-
completion of !JJ , we may assume that !JJ is complete with respect to v. 
Let F(y) = co~(y(y)) and f(y) = dist(x(y), co~(y(y))) for y E 1. By 
[19, Lemma 3.1], there is a sequence {Zj(')} of measurable fields such that 
{Zj(Y)} is weakly dense in F(y) for every y E r. Also there is a sequence 
{rpn(')} of measurable fields in TIyEr .4'(y). such that {rpn(')} is norm-dense 
in the unit sphere of .4'(y). for every y E r. Since Theorems 2.1,3.3 and 4.1 
imply that F(y) = cow ~(y(y)) is weakly compact, by the minimax theorem 
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[14, Theorem 2] we have 
f(y) = inf sup Re(x(y) - a, w) 

aEF(i) wE.#'(i). 
IlwilS 1 

= sup infRe(x(y) - Zj(y), qJn(Y)) ' 
n;:: 1 J;:: 1 

Y E r, 
showing measurability of f. By the measurable selection method [4, 22] to-
gether with Theorems 2.4, 3.6 and 4.2, we can choose a measurable field z(·) 
such that z(y) E F(y) and IIx(y) - z(y)11 = f(y) for all Y E r. It remains 
to prove Z E co V (y). To do so, it suffices to show that given e > 0 there 
exist measurable fields u 1 (. ) , ••• , UN (.) of unitaries and measurable functions 
fl' ... , fN ;::: 0 on r with I:;':1 1;(y) = 1 satisfying 

IIX(Y) - t. 1;(Y)ui (y)y(y)u i (y)* II :<:; e, y E 1. 

When L(y) is finite (resp. infinite semifinite) for every y E r, we can show 
this by tracing the proof (iii):=;. (i) of Theorem 2.1 (resp. (iv):=;. (i) of Theo-
rem 3.3) with additional parameter y E r. Here, by [19, Lemma 2.2] and 
the measurable selection method, all scalars and operators can be replaced by 
corresponding measurable functions and measurable fields of operators, while 
we omit the technical details. Also when L(y) is of type III for every y E r, 
it is not difficult to show the above assertion. Combining those cases, we get 
Z E co V(y) , and Theorem 6.1 is proved. Theorems 6.2 and 6.3 are proved in 
similar ways. The detailed proofs of the theorems are left to the reader. 

When ,/t is acting on a separable Hilbert space, it is easy to see that for each 
x, y E L, X E cow V(y) if and only if x(y) E cow V(y(y)) a.e. Hence the 
above argument shows that if y E ~a and x E cow V (y) , then x E co V (y) . 
Furthermore for each x, y E ,/t when ,/t is a-finite, if x E cow V(y), then 
there exists a countably generated von Neumann sub algebra La of L such that 
y E ,/to and x E cow {uyu': U E ,La unitary}. Thus we obtain the following 
theorem. 

Theorem 6.4. Assume that L is a a-finite von Neumann algebra. Then the 
equali ty co V (y) = cow V (y) holds for every y E ~a . 

It is known [17, Corollary 4.17] (also [34, Theorem 3.7]) that if L is a-
finite, then co V(y) n:Z = cow V(y) n:Z for every y E L where :z is the 
center of ",It. An interesting problem is to distinguish y E ,/t for which the 
equality co V (y) = cow V (y) holds, But it should be pointed out that we have 
no example of y in a-finite ,/t for which co V (y) i- cow V (y) . 
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